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Abstract
We show how the Bell correlations can be modelled locally by relaxing the joint proba-
bility relation for independent variables P (a, b) = P (a)P (b) outside classical settings, with
complex/quaternion generators for the measurement outcomes encoding a deviation from this
(classical) requirement. The consideration is motivated by complementarity.We analyse the pair
correlations (photons or spin 1/2 particles) based on the limitations put on complementary ob-
servables when they are modelled as classical, non-commuting operators. As complementarity
comes with both single particle properties and correlations insufficiently captured by classi-
cal theory together with ‘non-commutativity’, we argue that a complete model should allow
complementary observables to have new local dependences. That is, the existing information
should not be restricted to be classical (simultaneously observable). The central question is if
information theory ought to be extended accordingly in quantum physics.
1 Introduction
Bearing in mind that quantum physics is not restricted by classical physics or theory, we consider the
theoretical freedom inferred by complementarity and describe a compatible theory extension that
gives a local, non-classical formulation capturing the outcomes of photon and spin 1/2 pair correla-
tions. The analysis ties in with the Einstein–Podolsky–Rosen (EPR) paradox [1], which questioned
whether quantum theory was complete with the present wave function formulation, based on how
quantum correlations between complementary observables of pair produced particles appeared in-
compatible with locality. EPR argued that every physical entity (measurable) should have a counter-
part in a complete theory, which should be local. The Bell correlations are standard examples of the
EPR paradox, and concern correlations between pair produced spin 1/2 particles or photons, when
linear polarization is measured. The discrete outcomes make the correlations easy to analyse. They
have been determined to be classically non-local [2, 3] while obeying causality, and the classical
non-locality has been verified experimentally [4–6].
While the Bell correlations are defined by classical non-locality, we show how the theory in
the presence of complementarity can be extended to include a local, probabilistic quantum model
of the correlations. The combination of causality and classical non-locality implies the central is-
sue to be how information is modelled. More importantly, complementary observables have a non-
classical local behaviour already for single particles, insufficiently captured by ‘non-commutativity’
alone, motivating a redefinition of quantum locality. Our ansatz includes an extension of the con-
cept of quantum information to include orthogonal information: information that is not classical, i.e.
simultaneously observable or quantifiable in a theory (by outcomes independent of order of mea-
surement). The presence of orthogonal information enables local one-to-one correlations, without
simultaneous quantifiability (e.g. in classical probability theory), which effectively gives a prob-
abilistic evolution. The truly interesting question this raises does not concern Bell correlations in
specific, but how information should be treated in quantum vs classical physics, i.e. if complemen-
tarity merits a different treatment of information in the two cases.
Recall that probability theory is a model of classical correlations. When P (o|λ) provides a com-
plete model of a local system, for every single observable o and some set of local variables λ, order
of measurement must be irrelevant. In the presence of complementarity, this is not true. For example,
components /∈ R that combine to give real contributions (where only real entities are observable)
can only be excluded through incompatibility with the observed correlations between local systems.
We show that the Bell correlations are compatible with certain algebras containing ortogonal en-
tities. These local models cannot be excluded by observation of single particle behaviour and pair
correlations alone.
We suggest modelling the observed physics of photon and spin 1/2 particles (complementarity
and pair correlations) by relaxing the standard condition for local joint probability for independent
variables (5), and by introducing unitary operators G generating measurement outcomes, with G
complex or quaternion. Then complementary (classically orthogonal) dependences violating (5) can
be encoded (9). Each state vector defines a basis of the space of measurements instead of outcomes
in specific measurement directions. This is necessary and sufficient to capture the pair correlations
locally. The classical result is obtained by restricting G to its real part. This alternative approach
follows the observed physics introduced by complementarity instead of expectations from classical
theory, captures the pair correlations, gives a quantum model of the phenomenon, and questions the
completeness of current quantum information theory. A discussion of the implications can be found
at the end.
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2 The Bell correlation set-up
Bell pair measurements can be represented by outcome values S, S˜ ∈ {±1} (aligned vs not aligned)
and are performed at two separate locations in directions a,b ∈ Sd−1 (unit sphere). Linear polar-
ization is measured in 2d and spin in 3d. The correlations are
P (a, s) = P (b, s) = 1/2 : 〈S(a)〉 = 〈S˜(b)〉 = 0, (1a)∑
s Pphoton(a, s;b, s) = (a · b)2 = cos2 θab : 〈S(a)S˜(b)〉 = cos(2θab) , (1b)∑
s Pspin(a, s;b, s) = sin
2(θab/2) : 〈S(a)S˜(b)〉 = − cos θab , (1c)
where s ∈ {±1}. This sets S˜(b) = (−1)dS(b). For two space-like separated measurements, local-
ity requires the outcome at each site to be independent of the choice of measurement at the other
site. Since b ‖ a gives a predetermined result (a one-to-one correlation), locality can be interpreted
as S = S(a, λ) where λ is some set of (possibly hidden) variables, independent of b. This value
specification for any a given λ however contains a classical assumption, as will be apparent below.
Classically, any local correlation has to fulfil
〈S(a)S(b)〉 =
∫
dλ ρ(λ)S(a, λ)S(b, λ) , (2)
where ρ(λ) is the probability distribution of λ, but the Bell correlations in (1) cannot be represented
in this way [2]. Importantly, this formulation restricts beyond locality. Consider
〈S(a)S(b)〉 =
∑
s1,s2
∫
dλ ρ(λ) s1s2P (a, s1;b, s2|λ) . (3)
While locality demands that
P (a, s|λ) : independent ofb , (4)
the independence relation
P (a, s1;b, s2|λ) = P (a, s1|λ)P (b, s2|λ) (5)
is a further statement on the correlations, valid in classical physics. With a choice of b ‖ a, locality
and (1) here infer P (a, s|λ) ∈ {0, 1} so that (5) gives (2), and corresponds to imposing a restric-
tion on the correlations. We argue that a summation over variable dependences through (5) is an
incomplete model of possible local correlations in quantum physics. Out of context such a claim
is ill-considered, but the issue with local correlations arises in conjunction with quantum physics
that differs from the physics of classical observables, the very foundation of probability theory. The
difference is the introduction of complementary observables.
For a single particle, complementarity means that a measurement of one observable excludes the
measurement of one (or a set of) other observable(s). For sequential measurements, the outcomes
depend on the order of measurement; the (independent) observables are ‘orthogonal’, as are the cor-
relations to them. Only one of the observables (plus the correlations to it) can be treated classically
at any given time. Complementary observables are typically modelled as classical, non-commuting
operators. However, while non-commutativity is their characteristics when they are interpreted in
classical terms, their behaviour (for a single particle) is not restricted to classical theory. From this
angle, classical non-locality of causal quantum correlations indicates that the quantum physics is not
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accurately captured by the classical model in the sense of a missing component: multiple orthog-
onal correlations, required to describe entanglement locally, such as correlations to the three spin
operators. That is, a model where all pair correlations are not forced to be simultaneously observ-
able/quantifiable (as allowed by the weaker observable restrictions). A subsequent, relevant question
is if probability theory, that is (5), can be consistently extended to capture the Bell correlations.
3 Non-classical correlations
The observed Bell correlations display rotation symmetry since they only depend on the angular
distance between a and b. In the simplest case (2d) the correlation (1b) is captured by
ei2θab with 〈S(a)S˜(b)〉 = Re 〈ei2θarei2θrb〉 , θab = θa − θb . (6)
This reformulation of ei2θab with respect to a basis shared within the particle pair gives a map to
local correlations. What is described is a correlation through a reference frame (r,±zˆ) where r
denotes a shared reference direction for alignment and ±zˆ denotes positive direction of rotation in
the 2d system, opposite for the respective particles in the pair. This gives the opposite order of θar
vs θrb from the same model, and is reminiscent of circular polarization and conservation of angular
momentum. Meanwhile, each measurement direction is unique and well-defined.
Consequently, for photons it is useful to introduce a set of variables σ describing S1 through
specifying a point of origin and a positive direction of rotation. With a change of
sP (a, s|λ) → Gphoton(a|r,±zˆ) = e±i2θar (7)
the pair correlation is given by
〈S(a)S˜(b)〉 = Re
[
1
4pi
∑
s=±1
∫
S1
drG(a|r, szˆ)G(b|r,−szˆ)
]
= Re
(
ei2θab
)
. (8)
This clearly is what is required to capture the photon correlation in (1b). Here, locality is kept in the
sense of (4) but (5) is altered since
Re [G(a|σ)G(b|σ˜)] 6= Re [G(a|σ)] Re [G(b|σ˜)] . (9)
The extension introduces a generator G for the measurement outcomes, where G contains parts
orthogonal to the real numbers, i.e. entities without a classical interpretation. Through the total
overlap GG˜, where i2 = −1, G also encodes how the multiple orthogonal correlations combine to
give non-classical pair correlations. The classical model is recovered by setting the imaginary parts
of G to zero, but the notion that the system can be fully specified classically: P (a, s|σ, λ) ∈ {0, 1},
has to be sacrificed. The crucial question is the following: what would warrant this formulation, and
is it a valid local model of the correlations?
To begin with, sP (a, s|λ) is also a generator of measurement outcomes. It is equivalent to
Re(G), a classical entity. To encode classically orthogonal correlations Gmust be more general than
sP (a, s|λ). In a classical measurement, only a projection of G onto a classical entity is obtained.
The rest of the correlations remain undetermined and outside a classical description. A way to model
such correlations is through (7), at least for the Bell pairs.
That Re(G) cannot be specified to lie in {−1, 1} is characteristic of a probabilistic theory. In-
stead, an expectation value is given. This is a departure from the classical theory, which in the
3
presence of complementarity is not enforced by observations. In this sense the classical model ap-
pears too restrictive, since a measurement only is valid along one direction (r) at a time despite
one-to-one correlations for a ‖ b. Here, G provides a specification of the state which is allowed by
the observations that can be made, but which from a classical point of view is counterintuitive.
Causality clearly is respected in the extension since a measurement gives no information on the
reference frame shared within a pair. The outcome of any measurement appears random unless pair
measurements are compared. Regarding locality, while the correlations are classically non-local,
G(a) is independent of the measurement of S˜(b). It is set only by local entities. Hence, there are
two opposite interpretations of (9):
1. The combination G(a)G˜(b) enforces a relation between the two outcomes that is not de-
scribed by (5). Hence, it is non-local. This is the classical interpretation.
2. When complementarity is present, a new type of local behaviour is identified (for single par-
ticles), which differs from the classical expectation1 . Each measurement is determined in
relation to a local reference frame, but the non-classical dependence on that frame effectively
gives orthogonal correlations between particles sharing the same initial conditions.
Again, the second interpretation is only justified in the presence of non-classical physics that fits
with the extension. The correlations come with complementarity, and with outcomes dependent on
the order of measurement the existing local information cannot be restricted to entities P (o|λ) by
observations alone, without a further (classical) assumption of simultaneous quantifiability. This al-
lows for considerations beyond (5), provided reducibility to the classical condition in the absence of
complementarity, and compatibility with well-defined outcomes, both aptly captured byRe(G). The
new physics is characterised by orthogonal local dependences, as is visible in consecutive measure-
ments. The non-commutative behaviour fits well with a ‘memory loss scenario’ where a local refer-
ence frame (r, zˆ) has r evolving at a measurement or entangling interaction, with |r, zˆ〉 → |a, zˆ〉 or
|a⊥, zˆ〉 at a measurement along a, as is also discussed in [7]. In total, it is therefore justified to con-
sider the second interpretation, in which G provides a local quantum model of the Bell correlations.
This amounts to extending the theory to fit the observed physics.
Lastly, G is not to be confused with probability. The imaginary part does not have a classi-
cal interpretation, nor does it correspond to a probability of an orthogonal outcome. As such, the
extension of (7) is only of how outcomes are generated, and not necessarily of a probability theory.
Spin 1/2
The spin 1/2 pair correlation is obtained by substituting the complex model of 2d rotations with the
quaternion model of 3d spatial rotations2 and adding a sign for the anticorrelation,
Gspin(a|r, yˆ, zˆ, s) = seθaru , eθu = cos θ+u sin θ , u = uxi+uyj+uzk , s ∈ {±1} . (10)
Here, 1 acts as unity (1 · i = i · 1 = i etc.) whereas i2 = j2 = k2 = ijk = −1 and ij = −ji = k
etc., so that a right handed Cartesian coordinate system is described. u = (r × a)/|r × a| is the
rotation vector. We identify r = xˆ and decompositions of rotations to be performed around yˆ first
and zˆ second. The pair effectively has a shared r and opposite rotation basis, for the same reasons
1The behaviour is not fully captured by the model of ‘classical but non-commuting’ operators.
2Vectors transform under a rotation by θ around u as v → qvq−1 with q = e
θ
2
u, but the angular distance is eθu.
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as in 2d. The implied spin 1/2 basis of a vector and two rotation vectors, rather than {Si}, was dis-
cussed in [7]. When one particle is associated with the generator in (10), the other is associated with
G˜spin(b|r,−yˆ,−zˆ,−s) = −seθbru˜. If the sign instead is attributed to the state through r˜ = −r, the
pair describes each others opposites in terms of positive/negative orientation, but for calculations it
is useful to keep the orientation the same. Effectively, −u · u˜ = xˆa⊥r · xˆb⊥r, where xa⊥r is the
component of a perpendicular to r, so that Re(eθarueθbru˜) = a · b.
Summary
Locality is not unique to (5), a product between real local information entities. Any predefined
product, independent of the local manipulations on the respective states (e.g. measurements along
a,b) provides a local construction. For example, a multiplication between complex/quaternion local
information entities is as valid a local model as within R. In (7) and(10) we introduced Gphoton ∈ C
andGspin ∈ H as alternative information entities to P ∈ [0, 1]. EachG depends on a set of variables
and can only be manipulated locally, through measurements, interactions etc. Upon a measurement
along a, the classical information obtained from a particle is a projection of the encoded information,
Re[G(a|σ)] = cos lθar = 〈S(a)〉 , S ∈ {±1} ⇔ P (s = 1,a) = 1 + 〈S(a)〉
2
, (11)
with l = 2 for photons and l = 1 for spin 1/2. At pair production, r is a randomly generated vector
shared within the pair. At a measurement, r is redefined by 〈S(a)〉 = 1 through r = a. Provided
this, (11) accurately describes single particle measurements, both from pair production (ensemble
average as in (1a)) and consecutive measurements.
The correlation between two particles is given by the projection of the product of the two infor-
mation entities, Re[G∗
2
G1]. In pair production these are G and G˜ = G(·|σ˜) as described above, and
for each individual pair, the correlated information obtained at measurements is
Re[G∗
2
G1] =Re[G
∗(b|σ2)G(a|σ1)] =
[
pair
produced
]
=
=Re[G(b|σ˜)G(a|σ)] = (−1)l cos lθab = 〈S1(a)S2(b)〉 .
(12)
Since this is independent of the variables (σ), it coincides with the ensemble average.
In short, with local information operators G 6∈ R, the product between the operators can carry
correlations different from classical correlations, compare with (9). The model is non-classically
local (products within R,C and H are equally local) and includes correlations that violate Bell’s
inequality. A restriction of the model to a classical setting (all information simultaneously quan-
tifiable) is equivalent to limiting the model to real entities, and in that setting the pair correlations
are non-local. However, with complementarity this restriction cannot be imposed; there is a model
freedom allowing for extensions beyond real (simultaneously quantifiable) entities, which has been
used for the local, non-classical model presented here.
4 Discussion
It is possible to observe that quantum theory currently partially is built on classical physics through
probability theory, e.g. in that non-commuting classical operators do not fully capture complemen-
tarity, with subsequent limitations. More importantly, based on the approach above a missing com-
ponent appears to be a concept of information that exists while not classical, where classical entities
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all are simultaneously quantifiable, as is true for any combination of P (o|λ). While one can take
the stance that probability theory as we know it is all that is well-defined and refuse further consid-
erations, theory should be modelled on experiments rather than predefined notions, and the general
transition from classical to quantum theory should be considered with care. The theory need not
be more restrictive than what is merited by observations. As shown above, it is possible to model
quantum correlations describing entanglement locally through a reconsideration of the theory, and
an alteration of the standard treatment would be conceptually important. For Bell pairs, it suffices to
reconsider the state vector (|r,±zˆ〉 in 2d) in combination with outcome generators that neither are
restricted to real numbers, nor to classically definite values for the entire measurement space (only
for specific points in that space). Expectation values of observables would be real projections of
(combinations of) the generators. In the 2d case, the model would attribute physical reality to linear
and (likely) circular3 polarization, instead of the classical interpretation of linear polarization in any
direction chosen at a measurement. In this way, a collapse of the wave function is absent and the
observer experience of decoherence is not modelled as an inherent property of the quantum state.
It is not obvious how to extend the concept of orthogonal information to EPR correlations with
continuous outcomes, e.g. position/momentum. With different base quantities, orthogonal correla-
tions by eiθ would appear absent. A first ansatz would instead be a redefinition of the quantum
generators (of the observables) as limited by σxiσpi = ~/2 for i ∈ {1, 2, . . . , d} through
vP (v) =
v
σv
√
2pi
e
−
1
2
(v−vˆ)2
σ2v , v ∈ {xi, pi} , σxi =
lp√
2
fi , σpi =
Ep/c√
2
f−1i , (13)
with the generators acting on |xo,p(t)〉 and giving xˆ, pˆ in the classical limit, while generally re-
stricted by some quality of the interaction through a function f , likely dependent on energy.
Any statement on how/if locality (in the sense of orthogonal information) can be shown in
general would require further analysis. This is of interest not only for EPR correlations, but in ex-
tension for our general notions of information and (non-)locality in physics. How information is
treated and the concept of locality is important e.g. in interpretations of the ‘quantum teleportation’
protocol [9], and for some wormhole scenarios [10] through their conjectured relation to EPR cor-
relations [11]. In these examples, quantum states are reconstructed from a transmitted classical (for
wormholes sometimes quantum [12]) signal and a resource constructed in advance, characterised by
entanglement. For photon and spin 1/2 examples, with information treated as suggested above, such
reconstructions would be local — an example of how quantum information can be manipulated. In
restricting to classical information, a further ‘teleporting’ connection enters the picture, compatible
with causality. The model outlined above represents a proposal for how to extend the concept of
information to better reflect the observed quantum physics, from a system perspective.
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